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Abstract. We continue the study of straightening maps for the family of polynomials 
of degree d > 3. The notion of straightening map is originally introduced by Douady 
and Hubbard to study the self-similarity of the Mandelbrot set. As expected from their 
example of a cubic-like family with discontinuous straightening map, we prove that the 
straightening map is discontinuous unless it is of disjoint type (in this case, it is already 
known that the straightening map is continuous). 

1. Introduction 

Consider the family of monic centered polynomials Poly(t/) of degree d >2. The con- 
nectedness locus ^^{d) is the set of / G Y'o\y{d) having connected filled Julia set K{f ). 
When c/ = 2, ^ = ^(2) is the well-known Mandelbrot set. Douady and Hubbard IIDH85I 
proved that there exist infinitely many small copies of the Mandelbrot set in itself. In fact, 
for any + cq G ^ such that the critical point is periodic, there exists a homeomor- 
phism X : M' — > ^ such that cq G M' , the boundary of M' is contained in that of ^ and 

x(co) = oBiroQl. 

The map % above is an example of what we call a straightening map. For a family of 
polynomial-like mappings parameterized by a complex manifold A of degree li > 2, we can 
define such a map defined on the connectedness locus of A to the set of affine conjugacy 
classes of polynomials in '^{d). 

In the preceding paper IIIK08I . we consider straightening maps for the family of renor- 
malizable polynomials of degree d > 3. The combinatorics of a family of renormaliz- 
able polynomials can be described in terms of rational lamination introduced by Thurston 
IIThu85L A rational lamination A/ for / G '^{d) is the landing relation of external rays 
of rational angles. Let Aq be a post-critically finite (i-invariant rational lamination, and 
let "^(Ao) = {/ G "^{d); A/ D Aq} denote the set of Xo-combinatorially renormalizable 
polynomials. For / G ^(Aq), we say / is Xq- renormalizable if it has a polynomial-like 
restriction whose filled Julia sets are Xo-fibers, which are continua defined in terms of Aq. 
Hence we can straighten such a restriction (Xq- renormalization) to get a new polynomial 
by the straightening theorem by Douady and Hubbard IIDH85L More precisely, since there 
might exist several critical points, we borrow the notion of mapping schema introduced by 
Milnor [MP92 j to describe the dynamics of Ao-fibers containing critical points. Therefore, 
the straightening of a A()-renormalization of / is an affine conjugacy class of polynomials 
over a mapping schema of Aq. 

Under this definition, the straightening map is at most finite-to-one. By introducing 
"markings" for polynomials and polynomial-like maps, we can define an injective straight- 
ening map X}iQ '■ -^(Ao) ^(r(Ao)), where '^(r(Ao)) is thefiberwise connectedness locus 
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of the family Poly(r(Ao)) ofmonic centered polynomials over T(Xq). We recall these no- 
tions and results in the preceding paper in Section|6] 

In this paper, we study discontinuity of straightening maps. 

Main Theorem. Let d >3. If a d-invariant post-critically finite rational lamination ?uq has 
nonempty domain and a non-trivial Fatou critical relation, the straightening map Xlg not 
continuous. More precisely, is not continuous on any neighborhood of any Misiurewicz 
Xo-renormalizable polynomial. 

We say a polynomial / of degree c/ > 2 is Misiurewicz if all critical points are (strictly) 
preperiodic. Note that since Misiurewicz maps are quasiconformally rigid (moreover, they 
are combinatorially rigid), straightening maps are continuous at those parameters. 

It is known that the closure of the set of Misiurewicz polynomials coincides with the 
support of bifurcation measure [DF08|. Therefore, we may also say that x^lq is not contin- 
uous on any open set intersecting the support of the bifurcation measure. 

An equivalent condition for the domain to be nonempty is stated in IIIK08I (see Propo- 
sition |63]l. 

It is well-known that straightening maps for quadratic-like families are always continu- 
ous IIDH85I . Therefore, we have a complete classification: 

Corollary 1.1. Let d >3 and let Xi^be a d-invariant post-critically finite rational lamina- 
tion. Then the straightening map : ^(Aq) '^(r(Ao)) is continuous if and only if 
is of disjoint type. 

We say a li-invariant post-critically finite rational lamination Aq is of disjoint type if it 
is the rational lamination of a post-critically finite polynomial such that all Fatou critical 
points are simple and periodic, and lie in different orbits (an equivalent definition without 
polynomial realization is given in Section |6l). In this case, renormalizations consist of 
quadratic-like mappings, so the straightening map is continuous. 

Also, in the same article, Douady and Hubbard have already given an example of cubic- 
like family whose straightening map is discontinuous. Although their example strongly 
suggests that straightening maps are often discontinuous, their example is constructed by 
putting some invariant complex dilatation outside filled Julia sets of polynomials, and their 
argument does not allows us to know whether a given straightening map is continuous or 
not. 

Epstein ]Eps | have also proved that straightening maps are discontinuous on the bound- 
ary of the main hyperbolic component (i.e., the one containing the power map), and his 
result can be generalized to all hyperbolic components such that an attracting periodic or- 
bit attracts at least two critical points, by use of the author's result OInoOSII . Epstein's result 
and our result have many similarities; both depend on parabolic implosion, and prove exis- 
tence of an analytic conjugacy between renormalization and its straightening assuming that 
the straightening map is continuous. However, the proofs for the existence are completely 
different. Epstein's proof depends on analytic dependence of Ecalle-Voronin invariants 
and our proof depends on combinatorial constructions with the help of rational lamina- 
tions. This difference yields completely different sequences which cause discontinuity in 
the limit; Epstein's one is in a hyperbolic component, and ours is in the bifurcation locus. 

In the case of cubic polynomials, fully renormalizable polynomials are divided into 
four types in terms of mapping schema, according to Milnor ||Mil92|| ; adjacent, bitransitive 
(bicritical), capture and disjoint. The target space of straightening maps are determined by 
these types: It is the cubic connectedness locus "^(3) for adjacent type, the connectedness 
locus of biquadratic family "^^(2 x 2) = {{a,b) e C^; K{{z}' + a)~ + b) is connected} for 
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bitransitive type, the full family of connected quadratic filled Julia sets ^Jif = { (c, z) ; c e 
z G K(z^ + c) } for capture type, and the product space of the Mandelbrot set with itself 
X for disjoint type. Any disjoint type straightening map is continuous because it 
consists of straightening maps of two quadratic-like families. All the other cases have a 
non-trivial Fatou critical relations, so straightening maps are not continuous. 

On the other hand, for capture renormalizations, straightening maps are continuous on 
each fiber Buff and Henriksen [BHO l | have proved there is a natural quasiconformal 
embedding of the filled JuUa set K(Xz^z?') for |A| < 1 into the connectedness locus of 
a cubic one-parameter family, and we proved that any connected filled Julia set can be 
homeomorphically embedded to the connectedness locus of any higher degree polynomial 
OIno06l . Furthermore, we have proved in the preceding paper 0IKO8I that for a cubic 
rational lamination of primitive capture type, the straightening map % is surjective onto 
JiJ^, and its restriction to J^^- = " ^ ({c} x K{7^ + c) ) for each c G ^ can be extended to 
a quasiconformal embedding, possibly after desingularizing the one-dimensional analytic 
set containing J^^. Therefore, by Main Theorem, such quasiconformal embeddings of 
connected Julia sets does not move continuously on polynomials. 

The most of the proof of Main Theorem can be also applied to renormalizable rational 
maps and transcendental entire maps. We discuss that in the last section (SectionfTTTi. 

Our argument needs two-dimensional bifurcations to prove discontinuity: One is bifur- 
cation of two critical orbits in one grand orbit, and the other is parabolic bifurcation. There- 
fore, we cannot apply our argument to a one-parameter family of polynomials. Hence it is 
natural to ask whether we can get discontinuous straightening maps for smaller parameter 
spaces. And we may also ask whether parabolic bifurcation is the unique possibility to get 
discontinuity. Here is a list of those questions: 

Question. Can straightening maps be discontinuous under the following conditions? 

(i) On real polynomial families. 

(ii) On dynamically defined complex one-parameter spaces. 

(iii) On anti-holomorphic one-parameter families. 

(iv) At non-parabolic parameters (having a Siegel disk, or an invariant line field on 
the Julia set). 

The first and third parameter spaces can contain "baby tricones", and they might be nice 
candidates to study. 

The proof of Main Theorem consists of several steps. The first step is to relate the 
continuity of a straightening map for an analytic family of polynomial-like mappings with 
two marked points (abbr. AFPL2MP) to the multipliers of repelling periodic orbits (Theo- 
rem lS.lb . Here we consider a similar situation as the example of discontinuous straighten- 
ing map by Douady and Hubbard. We start with a polynomial-like map having a parabolic 
periodic point whose basin contains both of the marked points. If the straightening map is 
continuous in a neighborhood of this map, and it has nice perturbations described in terms 
of a given repelling periodic point, parabolic implosion and Lavaurs map, then the modu- 
lus of the multiplier of the repelling periodic point does not change by straightening. Two 
marked points will be critical orbits in the application, so that the continuity of implies 
the continuity of the straightening map of this AFPL2MP. 

Secondly, we study parabolic bifurcations to find nice perturbations so that we can apply 
the first step (Section[8]l. Next, we find a nice parabolic map f\ arbitrarily close to a given 
Misiurewicz polynomial /o so that we can apply the second step (Section|9T|- 
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By gluing these three steps together, if the straightening map % is continuous in a neigh- 
borhood of /o, we can get a hybrid conjugacy preserving muhipHers between quadratic- 
Uke restrictions of some iterates of a renormaUzation of f\ and its straightening Pi ^x{f\)- 
Thus they are analytically conjugate by Sullivan-Prado-Przytycki-Urbanski theorem (The- 
orem l2.3T l. 

Then, applying the results on analytic conjugate polynomial-like restrictions of polyno- 
mials l lnoOSJ to get a contradiction. 

Since this proof is constructive, we can specify at which parameter a straightening map 
is not continuous. See Remark flO.ll for details. 

One of the most difficulties in the proof is that we need to perturb inside the connected- 
ness locus. Moreover, we need to perturb in the domain of the straightening map SI{Xq). 
To do this, we construct a rational lamination or a critical portrait which the desired map 
should have, then we realize them by polynomials. However, since those combinatorial 
objects are not complete invariants, we cannot apply this construction parabolic polyno- 
mials. Hence we first construct Misiurewicz polynomials and take a limit to find some of 
those perturbations. To show that Misiurewicz polynomials constructed in this way and 
their limits are in 3i{X(j), we also need some facts that 3^{Xq) contains plenty of dynamics 
(Theorem l6.9l and Theorem l6.12l l. proved in the preceding paper 

Acknowledgment. The author would thank Mitsuhiro Shishikura for helpful comments. 
He would also thank Peter Haissinsky, Tomoki Kawahira and Jan Kiwi for valuable discus- 
sions. He would also like to express his gratitude to Institut de Mathematiques de Toulouse 
for its hospitaUty during his visit during 2007/2008 when this paper was written. 

2. Polynomial-like mappings 

Definition (Polynomial-like mapping). A polynomial-like mapping is a proper holomor- 
phic map f :U' with f/' (e [/ C C. We always assume the degree of / is at least two. 
Tht filled Julia set K{f) = K{f;U' ,U) is defined by 

Kif;U',U)^f]f-"iU') 

n>Q 

and we call J{f) = J{f; U',U) = dK{f; U',U) the Julia set. 

We introduce the notion of external markings, which is necessary to distinguish poly- 
nomials whose renormalizations are hybrid equivalent but combinatorially different. 

Definition (Access and external marking). Let f : U' ^ U is a polynomial-like mapping. 
A path to K{f) is a path y : [0, 1] U' such that 7(0) £ J{f) and /((0, 1]) C U'\K{f). 
For a path 7 to K{f), there exists a unique component of /(y) H U' which is also a path to 
K{f) (after a suitable reparametrization). We denote it by 

We say two paths 70, 71 to K{f) are homotopic if they are homotopic rel K{f), i.e., if 
there exists a homotopy 7: [0, 1] x [0, 1] U' such that 7(0, f) = 7o(f)' 7(1:0 = 7i(0 ^"d 
7(s,0) = 7o(0). An access for / : U' ^ U is a homotopy class of paths to K{f). We say an 
access [7] is invariant if /*7 is homotopic to 7. It is easy to see that this definition does not 
depend on the choice of representatives. 

An external marking of a polynomial-like mapping is an invariant access. An externally 
marked polynomial-like mapping is a pair (/ :U' ^ U, [7]) of a polynomial-like mapping 
and an external marking of it. 

Example. Let / be a monic centered polynomial of degree d >2. For sufficiently large 
> 0, let f/ = A{R) = {|z| < R} and U' = (t/). Then / : t/' -> f/ is a polynomial-like 
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mapping of degree d. If the external ray Rf{Q) of angle does not bifurcate (e.g., when 
K{f) is connected), it lands at a fixed point in J{f) and defines an external marking for it. 
We call it the standard external marking for f. 

Let Poly(c/) be the family of monic centered polynomials of degree d and let 'ia{d) be 
its connectedness locus, i.e., the set of all / e Poly(ii) such that the filled Julia set K{f ) is 
connected. 

By use of the standard external marking, "^{d) can be considered as the set of affine 
conjugacy classes of externally marked polynomials of degree d with connected Julia sets. 

Definition (Hybrid equivalence). We say two polynomial-like mappings f : U' ^ U and 
^ : y' ^ y are hybrid equivalent if there exists a quasiconformal homeomorphism : 
U" -^V" between neighborhoods of the filled Julia sets of / and g such that y/of = goxir 
and5i/ = 0a.e. on K{f;U' ,U). 

For externally marked polynomial-like mappings (/, [7/]) and {g, [Yg]), we say a hybrid 
conjugacy y/ between / and g respects external markings if 1/(7/) is homotopic to Yg. 

The following theorem by Douady and Hubbard fDHSSl classifies polynomial-like 
mappings in the sense of hybrid conjugacy. It also asserts that most dynamical proper- 
ties for polynomials also holds for polynomial-like mappings. We can further add some 
information on external markings (see IIIK08I ). 

Tlieorem 2.1 (Straightening theorem). Any polynomial-like mapping f :U' of degree 
d is hybrid equivalent to some polynomial g £ Poly(c/). 

Moreover, if K{f;U' ,U) is connected and f : U' U is externally marked, then such 
a polynomial g G "^(d) is unique assuming that a hybrid conjugacy respects the external 
markings, where the external marking of g is the standard external marking. 

For a periodic point x G C of period n for a holomorphic map /, let us denote its multi- 
plier by mult/(jic), i.e., 

mult^(x) = (.r)'(x). 

Definition (Hybrid conjugacy preserving multipliers). Let f :U' U and § : V' — > V are 
polynomial-like mappings and \j/ -.U ^ V be a hybrid conjugacy. We say that Xj/ preserves 
multipliers if for any periodic point x for /, we have 

|mult/(x)| — |multg(v/(x))|. 

Definition (Conjugate by an irreducible holomorphic correspondence). We say two ratio- 
nal maps fi and /2 are conjugate by an irreducible holomorphic correspondence if there 
exist rational maps g, xj/i and 1/2 such that ij/iog = fo ij/i- 

In particular, when /i and /2 are conjugate by an irreducible holomorphic correspon- 
dence , they have the same degree. 

The aim of this section is to prove the following: 

Tfieorem 2.2. Let f\ and f2 be rational maps. Assume they have polynomial-like re- 
strictions fi ; U[ Ui, i ^ 1,2 which are hybrid conjugate by a conjugacy preserving 
multipliers. Then f\ and f2 are conjugate by an irreducible holomorphic correspondence. 

The following theorem is essentially proved by Prado |Pra96 | based on the idea given 
by Sullivan IISul87L and its complete proof was given by Przytycki and Urbanski ||PU99J . 

Tlieoreni 2.3 (Sullivan-Prado-Przytycki-Urbanski). Suppose that f :U' and g : V — > 

V are two tame polynomial-like maps. Then the following are equivalent: 
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(i) there exists a hybrid conjugacy between f and g preserving multipliers. 

(ii) / and g are analytically conjugate, i.e., there exists a conformal isomorphism 
(p : U" V" conjugating f and g, where U" and V" are neighborhoods ofK{f) 
andK{g) respectively. 

Remark 2.4. Although Przytycki and Urbanski proved the theorem in the case of rational 
maps, the same proof can be applied for polynomial-like mappings. Moreover, they only 
proved the existence of a conformal conjugacy defined between some neighborhoods of 
their Julia sets in proving [(i)] |(ii)| However, since the existence of such a conjugacy 
implies that they are externally equivalent, they are analytically conjugate near the Jilled 
Julia sets flDH85 1. 

In this paper, we do not treat with the precise definition of tameness, which is done in 
terms of conformal measures, so we do not give it here. See liUrb97J for details (including 
the next theorem). The important fact is the following. 

Theorem 2.5. Every polynomial-like mapping with no recurrent critical points in its Julia 
set (abbr NCP) is tame. 

In this paper, we mainly concern with polynomial-like mappings which are restrictions 
of (some iterate of) global dynamics. In this case, we can prove much stronger conclusion 
by the following theorem OlnoOSI . 

Theorem 2.6. Let f\ and /2 be two rational or entire maps. Assume they have polynomial- 
like restrictions fi : U- ^ Ui, i — 1,2 which are analytically conjugate. Then there exist 
rational or entire maps g, (pi and (p2 such that (pi o g = o (pi and g has a polynomial-like 
restriction g :V' analytically conjugate to ft : Ul ^ Ui. 

Furthermore, if both f\ and f2 are rational (resp. polynomials), then g, (pi and (p2 are 
also rational (resp. polynomials), i.e., fi and f2 are conjugate by an irreducible holomor- 
phic correspondence. In particular, fi and f2 have the same degree. 

Theorem l2.2l is an easy consequence of these theorems. 

3. Analytic families of polynomial-like mappings 

In this section, we briefly review the notion of analytic family of polynomial-hke map- 
pings and its straightening map. We also consider families with marked points. 

Definition (AFPL). An analytic family of polynomial-like mappings (abbr. AFPL) of de- 
gree is a family f = (/^ : U'^ t^/i)/iGA of polynomial-like mappings of degree d param- 
eterized by a complex manifold A such that 

(i) ^ = {{pi^z); z^U^} and = {(/X,z); z e t/^} are homeomorphic over A to 
A X A, where A is the unit disk; 

(ii) the projection from the closure of in to A is proper; 

(iii) the map f 9/ , f{l-L,z) — {li,fjx{z)) is holomorphic and proper. 
Let "^(f) = {/i e A; K{f^) is connected} be the connectedness locus of f. 

Definition (External markings for AFPL). Let f = (/^ : t/^ ^ Up)fieA be an AFPL. An 

external marking for f is a family of accesses {[7ii\)pie%'(t) ^^^^ that (/i,f) i— > 7|i(0 is con- 
tinuous for (/i,f) e "^(f) X (0, 1]. 

An externally marked AFPL is a pair (f, [7^]) of an AFPL and an external marking for 

it. 

Notice that we only consider external markings for maps with connected Julia sets. 
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Remark 3.1. We do not require that (^,f) i— > 7|j(f) is continuous on "^(f) x [0, 1]. Indeed, 
consider the quadratic family Q — (Qdz) — + c)f.gc with standard external marking. 
Namely, let /^(f) — 0^r^(exp(f)) where is the Bottcher coordinate for Q^., and consider 
[7t] as an external marking. Then (c,f) ^ /^(f) is not continuous at (1/4,0) because of 
the parabolic implosion (discontinuity of the filled Julia set). Thus it is not reasonable to 
require continuity at f = 0. 

By the straightening theorem, we can naturally define a map from the connectedness 
locus "^(f) for an externally marked AFPL to ^€{d). 

Definition (Straightening maps for AFPL). Let f = (/^ : t/^ t/|i)|iGA be an AFPL and 
r = [7/j]/jG'!f(f) be an external marking. The straightening map ;i^f r : "if (f) '^(d) is 
defined as follows: Xf,r(M) — if -U'^ —^Uj^ is hybrid equivalent to respecting the 
external markings (the external marking for is the standard external marking). 

In the following, whenever we consider an AFPL, we fix an external marking for each 
AFPL. Hence we omit F for simplicity and write Xf instead of Xf.r- 
The following theorem is proved by Douady and Hubbard 0DH85I . 

Theorem 3.2. The straightening map for an AFPL of degree two is continuous and can be 
extended continuously on A. 

This theorem depends on the following lemma and quasiconformal rigidity of quadratic 
polynomials in the boundary of the Mandelbrot set (see Theorem 17. 2l l. Namely, for any 
/ e (9'if (2), if g G '^(2) is quasiconformally conjugate to /, then g = f- 

Lemma 3.3. Consider an analytic family {ffi : U'^ — s- Up)^ief^ of polynomial-like mappings 
of degree d and let % : "^(A) —>■ "^^{d) be its straightening map. 

Assume jXn^ pi in "^(A) andxip^n) converges to some P g ^S'{d). Then there exist K > 1 
independent of n and a K-quasiconformal hybrid conjugacy \j/„ between ffi^ and xil^n) 
such that \j/„ converges uniformly to a K-quasiconformal conjugacy \j/ between ffi and P 
by passing to a subsequence. In particular, and P are quasiconformally equivalent. 

However, quasiconformal rigidity does not hold for polynomials of higher degree in the 
bifurcation locus. For example, if the basin of a parabolic periodic orbit contains two or 
more critical points with distinct grand orbits, then you can deform it quasiconformally to 
another polynomial in d^^{d). Discontinuity of straightening maps is caused by such alack 
of quasiconformal rigidity and Douady and Hubbard used such a parabolic polynomial to 
construct an example of discontinuous straightening map IIDH85I . 

Definition (Marked points, AFPL(«)MP). Let fo = (/^ : f/^ ^ ?7^) be an AFPL. A marked 
point Xn for f is a holomorphic map x : A^C such that jc^ = G t/^. 

An analytic family of polynomial-like mappings with a marked point (abbr. AFPLMP) 
is a family 

f= ifti:U'f,^Uf,,Xf,)f,eA 

such that fo — {f^ : U'^^ U^i) is an AFPL and is a marked point for f . 
Let us denote 

•^^(f) G A; K{ff,) is connected and x^, G K{ff,)}. 
The straightening map Xt ■ ^(f) ^<oJ{f{d), where 

"^J^i^d) = {(g,z); g G "^(d) and z G K{g)] c Po\y{d) x C, 
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is defined as follows. Let Xtil^) = i8ii:Zfi) when /^-.Uj^^ is hybrid equivalent to 
by a hybrid conjugacy y/ and '/(x^) — (note that W\K{f^] unique under the assumption 
that y/ respects external markings). 

We need also consider an analytic family of polynomial-like mappings with two marked 
points (abbr. AFPL2MP). More generally, for n > 1, we say a family 

is an AFP LnMP if fo = ( fii )^£A is an AFPL and xi , . . . ,x„ are marked points for fo. (equiv- 
alently, f^. = (//j,j^*:,^)|jga is AFPLMP for any k = !,...,«). We can similarly define the 
straightening map as follows: Let 

^jr(f) = n<^^.jr(f,), 

^Jf"{d) = {{g,zi ,ZnY 8 G "^{d), Zk G K{g) for ^ - 1, . . . ,«}, 
and define Xt ■ '^^(f) ^ "^^"(flf) by Xtil^) = {g,zu. . . ,z„) when jf, (m) - {g,Zk). 
We will discuss continuity of straightening maps for AFPL2MP in Section lSTl 

4. Parabolic implosion 

Here we recall the notion of parabolic implosion and geometric limit. For more details, 
see [Dou941, |DSZ97J, llShi98l and llShiOOll . 

Let /o be a holomorphic map defined near 0. Assume is a non-degenerate 1 -parabolic 
fixed point, that is, /o(0) = 0, /o(0) = 1 and /q (0) ^0. By a change of coordinate, we 
may assume /o has the form 

/o(z)=z + z' + 0(z3) 
as z 0. For e > 0, consider two disks 

£>/o,attr = {z G C; |z + e|<e}, D/o,rep = {z G C; |z-e|<e}. 

If e is sufficiently small, then 

/(£*/o,attr) C £>/o,attr, /(£>/o,attr) 3 £)/^,attr, 

and there exist conformal maps 

^h.sm ■ DfQ^i^m C, •I'/o.rep : £*/o,rep -> C 

satisfying the Abel equation: 

(1) */o.*(/oW) =*/o,*W + l (* = attr,rep), 

where both sides are defined. We call 't'/o,attr (resp. O^g.rep) an attracting Fatou coordi- 
nate (resp. repelling Fatou coordinate) for /q. They are unique up to post-composition by 
translation. If / is a rational map or an entire map, we can extend Fatou coordinates by the 
functional equation ([U: 

• The domain of *t>/o,attr can be extended to the whole basin of attraction Bq of 0. 

• The domain of 'P^g — 'I'yj'rep extended to the whole complex plane C. 
For c e C, let us define gf^^c : Bo ^ C by 

8hAz) - *7o!rep(^/o.attrW 

Then gyj t commutes with /o, i.e., gf^^c^ fo = fo °^/o.( - We call gf^^c a Lavaurs map of / 
and we call c the phase of g/o,e- 
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Let / be a small perturbation of /q. By taking an affine conjugacy, we may assume 
is still a fixed point for /. Let us denote /'(O) = exp(2;r/a) with a small. Here we 
consider the case a^Q and |arga| < n/A (or |arg(— a)| < n/A). Letxbe the other fixed 
point for / close to (bifurcated from 0). Then x = —2nia{\ +o{\)) as / — > /q. Let 
^/,attr and D/,rep be the disks of radii e whose boundaries pass through and x such that 
^/,attr intersects the negative real axis and f/.rep intersects the positive real axis, so that 
^/o,* as / — > /o. Then there exists a conformal map <&/ defined on Z)/_attr UZ)/ ,-ep 
such that = ^f{z) + 1. We call <E>/ a Fatou coordinate for /. It is also unique 

up to post-composition by translation. Fatou coordinates depend continuously on / if we 
normaUze properly. More precisely, what we need is the following fact: If /„ /o, then 
there exist sequences Cfi £uid Cfi of complex numbers such that 

^fn{z) + Cn <f/o,attr(z) onD/^.attr, 3)/„(z) +C„ ^ 3>/o,rep(z) 0nD/,,rep- 

as n — > t». Hence we have 

= {^fn {z)+Cn + {k-Cn + Cn)-Cn). 

Now assume c„ — C„ converges in C/Z, i.e., there exists a sequence k„ €Z such that 
lim„_,oo kn — Cn + C„ = c€C Then we get a convergence 

We say that /„ converges geometrically to {fo,gfo,c) and denote 

geom 

/n * {JO,8fo,c)- 

5. Continuous straightening maps and multipliers 

The following theorem relates continuity of straightening map to a condition on multi- 
pliers, and is the key to get discontinuity of straightening maps. 

Theorem 5.1. Lett= {f^ : U'^ — > Un,x^,yn)^(:\ beanAFPL2MPofdegreed> 2. Assume 

(i) for any /X G A, is a fixed point for f^ ; 

(ii) (X^ is a marked repelling periodic point; 

(iii) for 11 = jiQ, is a non- degenerate l-parabolic fixed point, x^ = jju^ and they lie 
in the basin of for f^^; 

(iv) there exist sequences ll„ " > jlQ and H.n,m -~ > Mn *mc/z that 

• is a non-degenerate l-parabolic fixed point for f^^; 

• fiin,m {fiin ,gn)asm^ o° for some Lavaurs map gn such that gn (x^„ ) = 
^Hn- particular, is no more a parabolic fixed point for f^„j„. 

• gn^ g for some Lavaurs map g for fj^^^ such that g'ix^i^) ^ 0. 

(v) Xtil^n,m) Zf(Mn) as m ^ oo and Xt{Hn) Zf(Mo) asn^oo. 

Then 

where Xtil^) = (^M'^'^P and^fi is a hybrid conjugacy between f^ andP^. 
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Roughly speaking, if the moduH of the multipHers of the corresponding repelling peri- 
odic points a^jg and aj^ are different and there are plenty of perturbations in '^^ (f), then the 
straightening map Xt is discontinuous. 

The rest of this section is devoted to proof this theorem. We may assume that the hybrid 
conjugacy \//^„ „, converges a quasiconformal conjugacy (pn between /^,, and P^,, as m — > °o 
by Lemma [33] Then by the continuity|(v)[ we have 



(pn {x^i,, ) = ]im VAfi„ „, (jc^,, ,„ ) = \l/^„ (x^„ ) = , 

and similarly we have ^„ (y^,^ ) = y^^^ . 

On the other hand, since „, ^^°'"> {f^„,gn), there exists a sequence (^„,m) such that 

This implies that, if w satisfies that f^",ZiViI,!„S^^^ ^^^^ ™ definition of (p„ for suffi- 
ciently large n, we have 

p',zM = oft:: o - 8» = %og„ o (p-i(w), 

namely, P^„„, geometrically converges to {P^mgn)- Then 

= (Pnignix^J) 

is a repelling periodic point for . Let us denote it by a^^ . Then a^^^ = i//n„ (o:|,„ ). In fact, 
the proof of MDH85I p. 302, Lemma 1] can be applied to our case to show that — (p„ on 
the Julia set. Observe that the combinatorial assumption there holds because the images of 
the unique parabolic basin of by them are the same. 
Now let 



5„(w) =log 



w- a, 



ft- 



By passing to a further subsequence, we may assume (p„ also converges as n Then 
we have the following "distortion" property for (p„ at a^^^ : 

Lemma 5.2. Let a„ = |mult^^^ (a^,J| andb„ — |mult/>^ (a^J|. Then 

(2) 4(w) = '°g^"-'°g"" log|w~a,„|+0(l) 

logo,, 

fli w — > a^,j uniformly on n. In particular, ;/|mult/'^^(a|^)| ^ |multp^^(a^jj)|, then 5„{w) 
diverges as w — > a^,, uniformly on sufficiently large n. 

Remark 5.3. This Lemma is equivalent that the Holder exponent of (p„ at is equal to 
logZ7„/loga„, i.e., 

|<P«(w)-(p„(a^„)| X |w-a^Ji^. 

Proof. Take a small circle S{r^ ) centered at . If the radius r > is sufficiently small, 
then the circle and its image /^^ (5(r, 0C^„)) bounds an annulus A, where p is the period of 
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a^,, for /jj„ . There exists some constant C > 1 such that C ' < 1 5„ (w) | < C for any w G A. 
For w close to a^,,, there exists some ^ > such that /^^(w) G A. Then 



5„(w) =log 



'?iW + 5„(4f(w)) + 772(w) 



log 



log 



w- a, 



Since /^^^ and P^^^ are linearizable near and a^^^ = (j>n{<x^„) respectively, it follows that 
771 (w) = — fclogfl„ +0(1) and r]2{w) = k\ogb„ + (9(1). Therefore, 5„{w) — k{\ogb„ — 
loga„) + (9(1). Furthermore, as w a^„, k tends to infinity, so we have (|2]). These esti- 
mates are uniform on n because of the convergence as n °o. 

Let w = gn{yn„)- If n is sufficiently large, w is close to a^^^, thus we have 



□ 



5„{w) = log 
= log 
= log 







- (Pn{gn{x^„)) 






-8n{x^i„) 


p 








ypin 




p 
gn° 


Wn{yyin) 


-8n°¥nix^„) 




y^n 





-log 



log 



?n{ytl„)~8»ix^i„) 



riy^„)-8n{x^i„) 



Since x^^^ and y^^^ lie in the interior of the filled Julia set, where is holomorphic, we 
have 

'i8n°Wnyix^i„) 



5„{w) =log 



?Ux^l„) 



-0{\y„-x„\ 



Since g„ g hy assumption, we may assume that 8n ^ % ° 8n ° (P,7^ also converges by 
passing to a subsequence. This implies that |5„(w)| is bounded uniformly for sufficiently 
large n. 

Therefore, by Lemma l572l this holds only when | mult^^^ {(^no) \ — I ^'^I'^^jjo (VVo('^Mo))l- 
This proves the theorem. □ 



6. Combinatorics of dynamics of polynomials 

We need to find nice perturbations of a given parabolic polynomials to apply Theo- 
rem |5T| to a family of renormalizable polynomials. To do this end, we need most of the 
results in the preceding paper |IK08| with Kiwi. One of the most essential tools to con- 
struct such perturbations is a combinatorial technique which we call combinatorial tuning, 
but we also need injectivity of straightening maps, compactness of renormalizable sets for 
primitive combinatorics, and so on. Hence we recall some definitions and results in 0IKO8I 
in this section. We also prove some lemmas for later use. 

6.1. Mapping schemata and skew products. The notion of mapping schema is intro- 
duced by Milnor [MP92J to describe the dynamics of hyperbolic polynomials. Here, we re- 
view the notion of mapping schemata and consider polynomials and polynomial-like map- 
pings over them, which are simple generaUzation of usual polynomials and polynomial-like 
mappings. 

Definition (Mapping schemata). A mapping schema is a triple T — {\T\,a,8) where |r| 
is a finite set, and (7 ; |r| \T\ and 5 : |r| — > N are maps such that for any periodic point 
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V e |r| for a, we have 

X\8{a\v))>2, 

k=0 

where n is the period of v. We call 8 the degree function of T and 

5(r) = i+i:(5(r)-i) 

the total degree of T. 

We call V e |r| is critical if 5(v) > 1. We say T is reduced if all v G |r| are critical. 
Here we only consider reduced mapping schemata because we can easily extract a reduced 
schema from a given schema by taking the first return map iMP92ll . 

Definition. We say T has a non-trivial critical relation if either 

• there exist critical v, v' G |r| and n > such that v ^v' and v = ^"(v'), or 

• there exists a critical v G \T\ such that 5{v) > 3. 

Otherwise, we call T is of disjoint type. It is equivalent that there is exactly 5{T) — 1 
periodic orbits, or every critical v G |r| is periodic and satisfy 

n5((7«(v))=2 

n=0 

where p is the period of v. 

An integer c/(> 2) represents the trivial schema of total degree d, i.e., d ~ {{pt},id,d) 
(see Figure[T]i- Another important example of mapping schemata is the schema of capture 
type: Let Tcap.f/ = (l^capl, ffcap, 5cap//) be defined by 

• \Tcap\ = {vi,V2}, 

• 0'cap(v;) = vi for; = 1,2, 

• 5cap,d(vi) = 2 and 5cap,^/(v2) = <i- 1 for j = 1,2. 

For simplicity, we denote by Tcap the degree 3 capture schema Tcap.s. 




Figure 1 . The trivial schema (left) and the capture schema T^^pj (right) 
of degree d. 

Definition (Polynomials over mapping schemata and universal polynomial model spaces). 
Let T ~ {\T\,a,5) be a mapping schema. A polynomial over T is a map / : jrj x C ^ 
\T\ X C of the form f{v,z) = (a(v),/v(z)) such that is a polynomial of degree 5(v). We 
say / is monic centered if /,. is so for all v G The universal polynomial model space 
Poly(r) is the set of all monic centered polynomials over T . 

For a polynomial / over T , the filled Julia set K{f) is the set of points whose forward 
orbit is precompact, and the Julia set J{f) is the boundary of K{f). We say K{f) is 
fiberwise connected if the fiber v) = {z G C; ( v, z) G K{f) } is connected for all v G \T\. 
The (fiberwise) connectedness locus 'io{T) is the set of all maps / G Poly(r) with fiberwise 
connected filled Julia set. 



COMBINATORICS AND TOPOLOGY OF STRAIGHTENING MAPS H: DISCONTINUITY 



13 



Observe that a polynomial over the trivial schema d is simply a polynomial of degree 
d. Thus the definition of Poly (J) is consistent and we can treat normal polynomials and 
polynomials over mapping schemata at the same time. 

For / e Poly(r), v G |r| and n > 0, define /" by the equation 

r(v,z) = (a"(v),/:'(z)). 

Then we have 

K{f) = {(v,z); {/;(z)}„>0 is bounded}. 
For a polynomial / e Poly ( T ) over a mapping schema T = {\T\,G ,5), there exists the 
Bottcher coordinate 0/ at |r| x {oo}, i.e., is a holomorphic map defined on a neighbor- 
hood of I r I X {oo} such that 

• (^y is tangent to the identity at |r| x {°°}; 

• ithastheform(/)/(v,z) = {v,(^f^y{z)); 

• it conjugates / to (v,z) ((7(v),z^M). 

If / G ^{T), then we can extend using the dynamics and obtain a univalent map 

(|.^:(|r|xC)\/^(/)^|T|x(C\A), 

which we still denote by (^f. Hence for v € |r| and 6 G R/Z, we can define the external 
ray by 

Rf{v,e) = (i)J^{{v,ren.^{2Kie)); r>\}. 

By definition, we have f{Rf{v, 9)) = Rf{o{v), 5{v)d). Many results on external rays for 
usual polynomial also hold for polynomials over mapping schema and proofs are straight- 
forward. For example, every external ray of a rational angle lands at a repelling or paraboUc 
eventually periodic point. 

Definition (Polynomial-like mappings over mapping schemata). Let T = <7, 5) be a 
mapping schema. A polynomial-like mapping over 7" is a proper holomorphic skew product 
over a 

g: U' U 

(v,z) ^ (a(v),^v(z)), 

such that 

• f/' (E f/ are subsets of l^l x C having the form 

U'= [j {v} X f/; U= \J {v} x U,, 

ve\T\ ve\T\ 

where and t/y are topological disks; 

• ^ has the form g(v,z) = {a{v),gv{z)) where the degree of : — > [/^(v) is equal 
to 5(v). 

We may also write it as a collection of proper holomorphic maps 

^=fev:f/v'->t/<T(v)) 
between topological disks in the complex plane. 
The filled Julia set K{g) is defined as follows: 

K{g)=f]g-"{U'). 

n>0 

and the Julia set J{g) is the boundary of K{g). We say K{g) is fiberwise connected if 
K{g) n {v} X C is connected for all v G We denote 

K{g,v) = {zGC; {y,z)&K{g)}. 
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By definition, K{g) is fiberwise connected if and only if K{g, v) is connected for all v G \T\. 

Definition (External markings). An external marking of a polynomial-like mapping g over 
a mapping schema T — (|r|,(7,5) is a collection of accesses ([7v])yG|7-| such that C t/,' 
and /(7v) H U'^fy^ € [7(t(v)]- An externally marked polynomial-like mapping over T is a pair 
{g, ([7v])) of a polynomial-like mapping over T and an external marking of it. 

Let f €'^{T). The standard external marking off is the external marking {[Rf{v,Q)])v£\T\, 
defined by the external rays of angle zero. 

Definition (Hybrid equivalence). Two polynomial-like mappings gi and g2 over a map- 
ping schema T = {\T\,a,5) are hybrid equivalent if there exists a quasiconformal map xj/ 
defined on a neighborhood of K{gi) such thatxj/ogi — g20\j/ where both sides are defined 
^ =Oa.e. onKigo). 

When ^1 and g2 are externally marked, we say that a hybrid conjugacy y/ preserves 
external markings if the external marking of is mapped to that of g2 by 

We can generalize the straightening theorem (Theorem 12. Il l to this case IIIK081 Theo- 
rem A] . 

Tfieorem 6.1 (Straightening theorem for polynomial-like mappings over mapping schemata). 
A polynomial-like mapping g over a mapping schema T — {\T\,<J,5) is hybrid equivalent 
to some f € Poly(r). Furthermore, if K{g) is fiberwise connected and g is externally 
marked, then there exists a unique f G '^(d) such that a hybrid conjugacy between f and 
g preserves external markings, where the external marking of f is the standard external 
marking. 

6.2. Rational laminations. For an integer d> 1, let denote the li-fold covering Q 
dd defined on K/Z to itself. For a mapping schema T = (|r|,a,5), define a map mj : 

\T\ xK/Z^ |r| xR/Zby 

mr(v, 0) - ((T(v),m5(,.)(0)) = ((t(v), 5(v)0). 

We say two sets A,B C M/Z (or {v} x R/Z) are unlinked if B is contained in a compo- 
nent of R/Z \A. Note that it is equivalent that A is contained in a component of R/Z \ B, 
or that the Euclidean (or hyperbolic) convex hulls of exp(27i:/A) and exp(27i;/B) in C are 
disjoint. 

Let A C R/Z. We say a map f : A ^ f{A) C R/Z is consecutive preserving if for any 
component {9,9') of R/Z\A, (/(0),/(0')) is a component ofR/Z\/(A). 

Definition (Invariant rational laminations). Let T ^ {\T\,a,d) he a mapping schema. An 
equivalence relation A on \T\ x Q/Z is called an T-invariant rational lamination or a 
rational lamination over T if the following conditions hold: 

(i) Each equivalence class is contained in {v} x Q/Z for some v G |r|. 

(ii) A is closed in (|r| x Q/Z)^. 

(iii) Every equivalence class is finite. 

(iv) Equivalence classes are pairwise unlinked. 

(v) For a A-equivalence class A, mjiA) is also a A-equivalence class. 

(vi) mr '■ A — > mjiA) is consecutive preserving. 

Let us denote by supp(A) C |r| x Q/Z the union of all non-trivial A-classes. 

We may denote A as a collection (Ay)y£|7'| of (non-invariant) rational laminations on 
Q/Z, i.e., (v, 9) and (v, 9') are A -equivalent if and only if 9 and 9' are A,,-equivalent. 
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Example. For f (T), the rational lamination A/ of /is the landing relation of external 
rays of rational angles. Namely, (v, 9) and (v, 0') are A/-equivalent if and only if the exter- 
nal rays Rf{v,0) and Rf{v, 9') land at the same point. By the theorem of Kiwi P KiwOlL an 
equivalence relation A on |r| x Q/Z is a T-invariant rational lamination if and only if A is 
the rational lamination of some f £'^{T). 

Definition (Combinatorial renormalization). We say a T-invariant rational lamination A is 

admissible for f G "^{T) if A C A/-. We also say that/ is X-combinatorially renormalizable 
or / admits A. Namely, / e "^(r) if and only if Rf{v, 9) and Rf{v, 9') land at the same 
point when (v, 9) and (v, 9') are A-equivalent. Let 

'^(A) = {/e'^^(r); AcA/} 

be the set of all polynomials which admit A . 

A rational lamination A naturally induces the unlinked relation for irrational angles, 
which is closely related to gaps introduced by Thurston IIThu85ll . 

Definition (Unlinked classes). Let T be a mapping schema and let A be a T-invariant 
rational lamination. We say (v, 0), (y', 0') G |r| x (M \ (Q)/Z are X-unlinked if v = v' and 
for any A-equivalence class {v} xA, 9 and 9' lie in the same component of R/Z \ A. 

Observe that A -unlinked relation is an equivalence relation and each equivalence class 
(X-unlinked class) is contained in v x (M \ (Q))/Z for some v G \T\. A set {v} x L is an 
unlinked class if and only if L is a Ay-unlinked class. 

Lemma 6.2. Let Aq and A be rational laminations and assume A D Aq. If a X -equivalence 
class A is not a X^-class, then there exists some Xo-unlinked class L such that A and L are 
linked ( not unlinked) and dLClA is nonempty. 

Proof. Let B C A be a Ao-class. Take a component (i,f) of M/Z \Z? which intersects A. 
Consider a set 

F^[s,t]\{}[e,9'], 

6.6' 

where the union is taken for all Ao-equivalent pairs 0, 0' such that [0, 0'] C {s,t). Since 
each pair of such intervals are either disjoint or one contains the other, F is a Cantor set 
removing countably many points. In particular, F is uncountable and contained in the 
derived set of F itself. Hence L = F n (R \ (Q)/Z is nonempty. Furthermore, since L is 
unlinked with any Ao-equivalence class, L is in fact a Ao-unlinked class. 

Let B' C A n be another Ao-class. Then since B and B' lie in different components 
of L, A and L are linked. 

By construction, .s,f G A lie in the closure of L. □ 

The external rays for / of A-equivalent angles cut the phase space into sectors. This 
allows us to associate a continuum for each A-unlinked class (compare [Sch04|). 

Definition (Sectors and fibers). Let A be a rational lamination over a mapping schema 
T and let / G "^(A). For a A-unlinked class L C {v} x M/Z and A-equivalent angles 
(v,0),(y,0'),let 

Sector/(v,0,0';L) 

be the connected component of 



{{v}y.C)\{Rf{v,9)yjRf{v,9')) 
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containing the external ray Rf{v,t) for every (v,f ) G L. Thefiber ofL is defined by: 
Kf{L)^K{f)n Pi Sector(v,0,0';L). 

The following proposition (see IIIK08I ) describes some basic properties for A-unlinked 
classes and corresponding fibers. 

Proposition 6.3. Let T be a mapping schema and let X be a T -invariant rational lamina- 
tion. For f G ^^{X) and a X-unlinked class L, we have the following: 

(i) mjiL) is also a X-unlinked class. 

(ii) f{Kf{L))=Kf{L). 

(iii) IfL is finite, then 

(a) mj '■ L — > mriL) is a 5{L)-to-one consecutive preserving map for some 
5(L) >0. 

(b) / : Kf{L) -> Kf{mT{L)) has degree d{L). 

(iv) IfL is infinite, then 

(a) L is eventually periodic by mj. 

(b) There exists a homeomorphism ; L/A — > M/Z such that o:„,j,(^ omj o 
is well-defined and coincides with mgi^i^ for some 5{L) > 1. 

Remark 6.4. We stated this proposition only for the case of li-invariant rational laminations 
in |IK08 |, but the same proof can be applied also to rational laminations over mapping 
schemata. 

Similarly, some theorems below in this section is generalized to rational laminations and 
polynomials over mapping schemata, but the proofs are exactly the same (only notations 
will be more complicated), and some of them are immediate consequence from the same 
result for the usual case. 

This proposition allows us to describe the dynamics of fibers in terms of A -equivalence 
classes and unlinked classes. 

Definition (Critical elements). Let A be a T-invariant rational lamination. For a A -class 
A, let 5{A) denotes the degree of mj '■ A mriA). It is well-defined by the consecutive 
preservingness. We say A is critical if 5(A) > 1. Similarly, for A-unlinked class L, 5{L) is 
the one defined in Proposition l6.3l we say L is critical if 5(L) > 1. 

Let Crit^ (A ) , Crit*^ (A ) and Crit^ (A ) be the set of all critical A -classes, finite A -unlinked 
classes and infinite A -unlinked classes respectively, and let Crit (A ) = Crit^ (A ) U Crit*^ (A ) U 
Crit^(A). We call an element in Crit^(A) UCrit'^(A) (resp. Crit^(A)) a Julia critical ele- 
ment, (resp. a Fatou critical element). For a Julia critical element A, we say A is preperiodic 
if A G Crit^(A) and A is wandering if A G Crit'^(A). 

Roughly speaking, critical elements correspond to critical points for / G "^(A). It fol- 
lows that 

5(v)-l= ^ (5(A) -1). 

AGCrit(A), Ac(vxM/Z) 

For*=P,H^,F, let 

PC*[X)^{m\{w); wGCrit*(A), «>0}, PC(A) = PC^(A) UPC'^(A) UPC^(A), 

CO* (A ) = PC* (A ) n CO* (A ) , CO(A ) = CO^ (A ) U CO"' (A ) U CO^ (A ) . 

Definition (Post-critically finite, hyperbolic and Misiurewicz laminations). We say a T- 
invariant rational lamination A is 
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• post-critically finite if there is no wandering critical Julia element (i.e., Crit^ (■^ ) = 
0), 

• hyperbolic if there is no Julia critical elements (i.e., Crit(A) = Crit^(A)), and 

• Misiurewicz if there is no critical A-unlinked class (i.e., Crit(A) = Crit^(A)). 

Observe that X is post-critically finite if and only if PC{X) is finite. 

Definition. A 7b-invariant rational lamination X is primitive if for any infinite A-unlinked 
class w,w' C {v} X R/Z, there are no A-class A such that both A flvv and ACiw' are 
nonempty. 

Even if A is not primitive, such intersections exist essentially only finitely many. 

Lemma 6.5. Let X be a post-critically finite rational lamination over a mapping schema 
T. 

Let A be a X-class such that there exist infinite X-unlinked classes L\ ^ L2 whose clo- 
sures intersect A. Then there exists some n>0 such that either 

• m5,(A) GCrit^ (A), or 

• mj{L\) 7^ mj{L2) and both lie in CO^ {X). 

In particular, the set of all eventual periods of such X-classes A is finite. 

Proof. If mj{A) is not critical for any n > 0, then m^(Li) ^ m^(L2) for any « > 0. Hence 
the lemma follows because all infinite A-unlinked classes are eventually periodic. □ 

Definition (Mapping schemata of rational laminations). Let A be a Tg-invariant rational 
lamination such that Crit^(A) is nonempty. Define a (reduced) mapping schema T{X) = 
(|r(A)|,a;i,5;i)by 

|r(A)|=Crit^(A), cT;lW =m^/(w), 

and 5x = 5 is defined in Proposition 16.31 where 4^ > is the smallest number such that 
m^*"(w) GCrit^ (A). 

We say A has a non-trivial Fatou critical relation if T{X) has a non-trivial critical 
relation. Otherwise, we say A is of disjoint type (it is equivalent that T[X) is of disjoint 
type). 

Proposition l6 . 3 1 guarantees the existence of an "internal angle system", which is needed 
to let straightening maps well-defined: 

Definition (Internal angle systems). Let To = (|ro|,C7o,^) be a mapping schema. An 
internal angle system of a To-invariant rational lamination A is a collection of maps a — 

{cur.w^ R/Z),,,^\T(X)\ such that 

for (v, 0) G vv. 

We sometimes omit v and simply write 0^, (0), for (Zn. is defined on w C {v} x R/Z, so 
V depends only on w. The map a above can also be considered as follows: 

a : y |r(A)| xR/Z, W 3 (v,0) a(v,0) = (w,a,v(v,0)), 

we\T{X)\ 

in this expression, we have 

'«r(A)°«(v',0) = «°'Wro(v',0) 
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for (v, 0) G w. However, readers should notice that we need to take the disjoint union even 
if w and w' intersect for w w' E \T{X)\. 

Lemma 6.6. Let X be a rational lamination over a mapping schema Tq = (|ro|, (Tq, 6o) 
and a = (0Cvv)wg|7'(X)| be an internal angle system. Let (v, 9) (zW be periodic of period p 
by mjg. Then 0£(v, 9) — (w, Ct,v(v, 9)) is also periodic of period p' by mj-i^x)> where p' is 
defined by 

C"(h.) ^p- 

n=0 

In particular, p is not less than the period of w by G. 

Proof. There exists a sequence 9„ such that (v, 0„) e w and either 9n y 9 or 9n \ 9 . It 
suffices to show when 9n y 9. Then mj^{v,9„) / mj^^{v,9) = (v, 0) and they lie in a 
A -unlinked class w' — Gq{w). Hence it follows that w' = w and we have 

'"r( A ) ^ ) ) = A ) ^" ) ) 

= lim((T{' ° • • • ° ms(n.) ° OC,,{v, 0)) 

= lim((7o''(w), a^P(^^,) o m^^ (v, 0)) 
= (w,a„,(v,0)). 

On the other hand, let p\ be the period of (w, a»,{v, 0)) by mji^x)- Then mp (v, 0) ~ 
(v, 0). Moreover, 

limm^'^;i^j(H',an,(v,0„)) = m^J^j(w,a„(v,0)) = (w,aH,(v, 0)), 

thus mj^'(v, 0„) e (7j^'(w) = vv, where p\ L^io^ ^(^^(w')- Therefore, w accumulates to 
m^^ ( V, ) from the left, thus m'^^ ( v, ) = ( v, ) . □ 

6.3. Renormalizations. 

Definition (Renormalizations). Let Tq be a mapping schema and Aq be a To-invariant ra- 
tional lamination. We say / G "^(Ao) is Xo-renormalizable if there exist topological disks 
f/j'. (E f/v,. for each vv e |r(Ao)| such that 

• g = (Z^"' : U!^ f/o-(vi')) is a polynomial-like map over r(Ao) with fiberwise con- 
nected Julia set. 

• ^:(g,w)=/:/(w)foraiiwe|r|. 

We call g a Xo-renormalization of f. 

Definition (Straightening map Xx^)- Let Tq be a mapping schema and Aq be a 7o-invai-iant 
rational lamination. Let (a,,, : w M./'L)„iz\t[Xo)\ internal angle system. For each 

w e |r(Ao)|, take 0,^ e w such that a,v(0w) = 0. 

For / S ^(Aq), define Xloif) £ Poly{T{A.o)) as follows; let § be a Ao-renormalization 
off. Then external rays ([^/(w, 0H')]),yg|7'(;i^)| defines an external marking of LetXXoif) 
be the polynomial over r(Ao) hybrid equivalent to g preserving external markings. 

This gives a well-defined map ■ ^{^) — * '^{T{Xq)). 

One of the main results in IIIK08II is the following: 
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Theorem 6.7 (Injectivity of straightening maps). Let Tq be a mapping schema. For a post- 
critically finite TQ-invariant rational lamination Xq, the straightening map injective. 

We can also give some equivalent conditions about the domain ^(Aq) of the straighten- 
ing map. 

Proposition 6.8. Let Aq be a d-invariant rational lamination having nonempty mapping 
schema T{Xq). Then the following are equivalent: 

(i) ^(Aq) is nonempty. 

(ii) If A is a critical Xo-class and L G CO^ (Xq), then A flL = 0. 

Theorem 6.9 (Compactness of the renormalizable set for primitive combinatorics). As- 
sume a To-invariant rational lamination Aq has nonempty mapping schema T{Xq). Then 
the following are equivalent: 

(i) Afl is primitive; 

(ii) ^(Ao) = ^(Ao) and it is nonempty; 

(iii) ^^{Xq) is compact and nonempty. 

To prove a given / G ^i" (Aq) is Ao-renormalizable, we need the following lemma IIIK08I 
Lemma 6.9], which is based on the idea of "thickening puzzles" by Milnor IIMilOOl . 

Lemma 6.10. Let be a rational lamination over a mapping schema Tq. Then there 
exists a proper algebraic set X C Poly(ro) such that ^(Aq) D "^(Aq) \ X and X does not 
contain "^(Aq) if ^{Xq) is nonempty. 

More precisely, there exists a finite set of angles E = E(Xq) C supp(Ao) such that f G 
^(Ao) is Xo-renormalizable if the landing point ofRf{v, 0) is neither parabolic nor critical 
for any (v, 0) G E. 

In particular, for a one-dimensional algebraic set Y C Poly (Tq) such that Y fl ^(Aq) ^ 

0, 

C^(Ao)\^(Ao))nF 

is finite, that is, there exist only finitely many f G "^(Aq) ClY such that f is not Xo-renormalizable. 

Note that ^(Aq) might be contained in X, and also notice that Ao is primitive if and only 
if E (hence X) can be taken as the empty set. 

6.4. Combinatorial tuning. Let To — (|7b|,aoi^) be a mapping schema. Let Aq be a 
7()-invariant rational lamination and fix an internal angle system {a„, : w R/Z)^,g|7-(;Lo)[. 

Definition (Combinatorial straightening). Let A be a To-invariant rational lamination con- 
taining Aq. the combinatorial straightening of X with respect to Ao is a r(Ao)-invariant 
rational lamination A' — {Xl^.)„fz\T^i^)\ such that (w, 9) ^x;^. i^i if ™d only if there exist 
t G a^^{d) and s G a,^' (0') such that t and s are A-equivalent. 

Combinatorial tuning is the inverse operation of combinatorial straightening. 

Theorem 6.11 (Combinatorial tuning). Let Xo be a To-invariant rational lamination and 
let A' be a T {Xo)-invariant rational lamination. Then there exists a To-invariant rational 
lamination whose combinatorial straightening with respect to Xo is A'. Moreover, 

(i) if Xo and X' are hyperbolic, then X is hyperbolic. 

(ii) T/'Afl and X' are post-critically finite, then X is post-critically finite. 

(iii) IfXo is post-critically finite and X' is Misiurewicz, then X is Misiurewicz. 

(iv) If the rational lamination of f ^ ^(Aq) is X, then the rational lamination of 
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By using the combinatorial tuning, we can actually do "tuning" in most cases of post- 
critically finite dynamics IIIK08I Theorem 6.2]: 

Theorem 6.12 (Post-critically finite tuning). Let Aq be a rational lamination over a map- 
ping schema Tq such that ^(Aq) ^ 0. 

Then there exists a codimension one algebraic set Y such that if P G '^{T{Xq)) \ Y is 
post-critically finite, then there exists f £ ^(Ao) such that X^i^ (/) = P- 

Furthermore, I/Xq is post-critically finite, then such f is unique. 

The algebraic set Y in the theorem is defined in a similar way as in Theorem 16. 101 In 
particular, it is empty when Aq is primitive. We call / the tuning of Xq and P, or when 
fo G Poly(ro) satisfies A/j, = Aq, we also say / is the tuning of fo and P. If Aq is post- 
critically finite, then such / is also post-critically finite. 

Lemma 6.13. Let Xq be a rational lamination over a mapping schema Tq and let X be a 
T (Xoj-invariant rational lamination. 

If X is primitive and all periods of periodic X-unlinked classes are sufficiently large, 
then the combinatorial tuning Xi of Xq and X is also primitive. 

Proof. Assume Ai is not primitive, that is, there exist some Ai -unlinked class Li and L2 
and Ai-classA such thatL^nA ^%for j — 1,2. 

If L\ and L2 lie in the same Ao-unlinked class M, then there exists some « > such 
that V = mj^{M) S |r(Ao)| and mj^ : M — > v is a cyclic order preserving bijection. This 
implies that L\ = 0Cv{mj^ (^1)) ^nd L'2 — ai,{mj^ (^2)) are A-unlinked class and there exists 
a A -class B intersecting both Lj and Lj. Therefore A is not primitive, that is a contradiction. 

Let Mj be the Ao-unlinked class containing Lj. We have proved Mi ^ M2. We also have 
Mj nA 7^ 0. Let B C A be the Ao-class such that Mi / 0. Then there exists Ao-unUnked 
class M3 ^ Ml such that M3 n B are non-empty. Since the eventual periods of A and B are 
the same, there are only finite possibility for the eventual period of A by Lemma |63] 

Therefore, if all periods of periodic A-unlinked classes are sufficiently large, all periodic 
angles in the closures of A-unlinked classes have periods greater than that of such A by 
Lemma l676l Hence the above argument shows that there are no such triple {Li,L2,A), so 
A is primitive. □ 

7. Continuity of straightening maps 
Now we give some sufficient condition for straightening maps to be continuous at some 

/e^(Ao). 

The argument on continuity of straightening maps by Douady and Hubbard (Theo- 
rem l3.2l Lemma [X3T l can be applied to our case. In particular, we have the following: 

Lemma 7.1. Let X^be a rational lamination over Tq. Assume f„ converges to f in ^{Xq) 
and XXoifn) converges to h £^{T{Xq)). Then there exist some K > 1 independent of n and 
a K-quasiconformal hybrid conjugacy \j/n between a XQ-renormalization of f„ and XXgifn) 
such that \j/„ converges to a K-quasiconformal conjugacy \j/ between XQ-renormalization 
of fn and h by passing to a subsequence. In particular, h and Xx^ if) are quasiconformally 
equivalent. 

Theorem 7.2. Let Xq be a rational lamination over Tq. If f G .^(Aq) is quasiconformally 
rigid, then X)^ is continuous at f. 

We say / G Poly(ro) is quasiconformally rigid if g G Poly(ro) is quasiconformally con- 
jugate to /, g is affinely conjugate to /. 
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Proof. Assume /„ converges to / in M{Xq). Then by the lemma above, we may assume that 
XXoifn) converges to h, which is quasiconformally conjugate to XXoif)- Hence it follows 
that there exists / G M{Xq) such that Xx^^ if) = h and / is quasiconformally conjugate to / 
lUROSi Lemma 8.6]. 

By assumption, we have f = f and h = Xf^if)- ^ 
Similarly, we have some partial continuity of x^l ■ Observe that when Aq is post- 
critically finite, x^,^ '■ Xfioi^i^)) ~* ^i^) is well-defined since XXf, is injective. 

Proposition 7.3. Under the assumption ofTheorem \7.2\ assume Aq is post-critically finite 
and there exists a convergent sequence fn~^f in ^(Ao) such that XXg {fn ) — > X^ (/)• Then 
f = f- 

Proof. By Lemma ItTI Xloif) ^"d Xlaif) quasiconformally conjugate. Hence, by 
IIIK08I Lemma 8.6], there exists some / quasiconformally conjugate to / such that XAf, if) ~ 
ZAo(/)- 

Therefore, / = / by assumption and Theorem l6.7l □ 

8. Parabolic bifurcation 

In this section and the next section, we study perturbations in the connectedness locus 
and see when a polynomial having a polynomial-like restriction satisfies the perturbation 
condition in Theorem lS.ll for sufficiently many repelling periodic point. 

In this section, we study parabolic bifurcations and give a sufficient condition to have 
nice perturbations. The successive section is devoted to the study of Misiurewicz bifurca- 
tions to find parabolic polynomials satisfying this sufficient condition. 

Definition. We say a polynomial / of degree d >3 satisfies (CI) if the following hold; 
(CI -a) is a non-degenerate 1-paraboUc periodic point of period p for /; 
(Cl-b) there exists a quadratic-like restriction fP:V'^Vof f containing hybrid 
equivalent to z + z^; 

(Cl-c) let o e y' be the critical point of this quadratic-like restriction. There exists 
another critical point «' for / and > such that /"(«') ^ K{fP;V',V) for 
n<NeindfP{co)=f^{co') e K{fP;V' ,V). 
We say / satisfies (C2) if it satisfies (CI) and 
(C2-a) every critical point other than o and (£>' is preperiodic; 

(C2-b) the rational lamination Xf of /, which is post-critically finite by |(C2-a)| is primi- 
tive. 

Remark 8.1. The condition |(C2-a)| is just to obtain an analytic subset in the parameter space 
where a desired bifurcation occurs with keeping other dynamical properties. Therefore, for 
example, we can relax it to admit critical points in bounded attracting basins. In this case, 
we can use the analytic dependence of the dynamics in the hyperbolic component 0MP92I 
to get such an analytic subset. 

The following condition implies that we have nice perturbations to apply Theorem 15. II 
(see the proof of Theorem[Tli. 

Definition. We say / satisfies (C3) if it satisfies (CI) and for any repelling periodic point 
a G A'(/P,y',y), there exists a convergent double sequence 
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in '■^{d) such that the following hold. Let us denote the continuations of z = (0,(o' ,a 
for /„ and /„ ,„ by z„ and Zn.m (that is, we require that they do not bifurcate under these 
perturbations) and let 

x„=fP{(0„), y„=f^{co'„), 

(Recall that limx„ — limy„ by |(Cl-c)| ) 
(C3-a) is a periodic point of period p for /„ and /„ It is non-degenerate and 1- 

parabolic for /„; 
(C3-b) x„ ^ y„ (hence Xn^,„ ^ y„,„, for sufficiently large m). 

(C3-c) the other critical orbit relations of / are preserved for /„ „, (hence also for /„), i.e., 
aU critical points do not bifurcate under these perturbations and if c, c' e Crit(/) \ 
{CO, Co'} (possibly c = c') satisfy f{c) (c'), then f!i,,„{c„,n) = /£„(c„,,„) for 
any n,m where c„ „, and c', are the continuations of c and c' respectively. 

(C3-d) fl^jn ■ Vnin ^ V",,,,,, is a quadratic-like restrictions near and w, converging to a 
quadratic-like restriction fn : V„ locally uniformly, and it also converges to 
fP:V'^Vasn^°°. (Hence : Vn is hybrid equivalent to z + z^.) 

(C3-e) x„,y, e int/:(/i^;y„',y„), and 

(C3-f) fnm geometrically converges to {fmgn) as m °o such that §„(x„) = a„ and 

Remark 8.2. For simplicity, we say a polynomial satisfies (CI), (C2), or (C3) if a polyno- 
mial affinely conjugate to it does, because we mainly consider the space of monic centered 
polynomials. 

We can also define these conditions for a polynomial over a mapping schema in the 
same way. Observe that the mapping schema must have non-trivial Fatou critical relation 
in order to satisfy those conditions. 

Here, we prove the following. 

Theorem 8.3. Let Xq be a post-critically finite d-invariant rational lamination with non- 
trivial Fatou critical relation. Assume f g ^(Aq) satisfies ( C2) and 3i{Xf) C ^(Aq). Then 
f satisfies (C3) such that G ^(Aq) and Xf^^ — Xf for any n,m. 

The rest of this section is devoted to prove this theorem. We first study the bifurcation 
of a quadratic polynomial Q{z) — z^ + 1/4- € Poly(2), which is affinely conjugate to z + z^. 
Consider a repelling periodic point a{Q) of Q and let 9 be the landing angle for a{Q). 
Let c„, be the landing point of the parameter ray ^^{9/2"') for the Mandelbrot set and let 
Qm{z) = z^ + c,„. Let (x{Qi„) be the landing point of the external ray Rq^{9), which is the 
repelling periodic point and a{Qm) Ci{Q) as m °o. The critical point is preperiodic 
under Qm because c„, = 2m (0) is the landing point of /?g„, (0/2'") MDH85L it follows that 
Gln^HO) = o:(2m) and Q,„ is Misiurewicz. 

Lemma 8.4. There exists some Lavaurs map gg such that Qi„ > {Qt8q) with gQ{Q{0)) = 

a{Q) andg'giQm^Q. 

Proof. Since the Mandelbrot set is locally connected at 1 /4 ||Hub93l . c„, ^ 1/4 as m ^ oo. 
Furthermore, this convergence is tangential to the positive real axis, hence it follows that a 
Fatou coordinate ^q„, is defined for sufficiently large m > 0. 

By the continuity of Fatou coordinates, there exists some A: > such that the landing 
point of Rq^{9 /l'') is contained in the domain of definition of Og^ for sufficiently large 



COMBINATORICS AND TOPOLOGY OF STRAIGHTENING MAPS II: DISCONTINUITY 



23 



m > 0. We may also assume c,„ is also contained in the domain of definition of Og,,, because 
we can extend 4>g„, by the functional equation 4>e,„ (fim(z)) = 'i'Q,„iz) + 1- Since <I>q„, 
has a critical point only at the backward orbit of the critical point, <I>g„, is univalent on a 
neighborhood of 1 /4 and Cm of a definite size. Hence gj," (c,„) — 2m ° *q,J, (*a„ (2) + ^ ^) 
is well-defined and univalent near z = c,„ because is univalent on a neighborhood of 
OgJ {^Q,„ (z) + — k), which is the landing point of Rq^^^{9 /l''), of a definite size. 

Therefore, o <I>g ' (•t'Qni (■^) + ^ ^) converges to a Lavaurs map as m 00^ which 
is univalent near 1/4. □ 

Take a sequence {9„} C Q/Z such that 0„ — > 0, and let a„{Qi„) be the landing point of 
the external ray /?g„, (0„). Since 2;n is Misiurewicz, J{Qm) is locally connected and hence 
Oin{Qm) ci{Qm) cLS 11 ^ °o. Let y„{Qm) be the landing point of /?g„, (0„/2"') and we may 
assume y„{Q) = lim„j^oo3'„(2m) exists (see Figure|2]l. 



Figure 2. The external rays of angle 0, 0„, 0/2'", 0„/2'" and 0/2'"+^ 
for Qm and their limits. By construction, Rq^{0) and RQ,„{On) land 
at repelling (pre)periodic points a{Qm) and an{Qm) respectively, and 
^Qm ( ^ ) and /Jg,,, ( /2'"+ ' ) land at the critical value and critical point 
respectively. 



Let / satisfy the assumption of the Theorem. By assumption, the reduced mapping 
schema T{Xf) = (|r(A/)|, (7, 5)) is equal to 7iap,f/[+i, the schema of capture type of degree 




di + l. 



Define a polynomial Q„,m over T{Xf) as follows: 
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Then Q„ = lim„,^oo Qn,m and Q = lim„^oo Q„ exist and satisfy the following: 



{vo,Q{z)) if/-0, 
(vo,z^'+3'„(e)) if/=l, 



G(v;,z) 



(vo,e(z)) if/=o, 



Since 2„^„, is Misiurewicz and Xf is primitive, there exists / e £i{Xf ) ~ ^^(Xf) such 
that (/) = e„,,„ by TheoremiH 

By taking a subsequence, we may assume 

/n,m /« ^ / 

for some /„ and /. Since '^{Xf) = M(Xf) is compact by Theorem 16. 91 /„ and / are also 
/l/-renormalizable. 

Let (/i' : f/^ Un.yf)i=Q.\ and {f ' : J/^'. J/t,J,=o,i be A/-renormaUzations of /„ and 
/. Since the straightening map is continuous for quadratic-like families, the quadratic-like 
restrictions /i" : f/,' L/,,.,,^ and /'o : Uy^ are hybrid equivalent to Q{z)^z^ + l /4. 

Let (On and (o'„ (resp. (B and w') be the critical points for /„ (resp. /) lying in U'„ y^ and U'^ ^^ 
(resp. U[,^ and Ul^) respectively. Note that £o — p and £i = A^. 

Lemma 8.5. (i) {(£)',,) G int^T/;, (vq) /or sufficiently large n. 
(ii) 

Proof. Since M{Xf) is compact, we may assume that the hybrid conjugacy y/„ ,„ between 
A/-renormalizationof/„,„ and Q„,m = XXfifn.m) are uniformlv TT-quasiconformalbv Lemma lTTI 
By passing to a subsequence, we may further assume that 

V^n./n > 9n ^ 9 

and they are all ^T-quasiconformal. Then (p„ conjugates the A„-renormalization of /„ to Q„ 
and ^ conjugates that of / to Q. Hence it follows that 

^Cf{&')) = Qim')) = (v'o, 1/4) = (Pifm, 



so we have |(ii)| and f {co') G mtKj:{vo). Therefore, [(i)] also follows by continuity. Note 
that K{Q„,vo) — K{Q) does not depend on n. □ 

Lemma 8.6. A/;, = Xj — X/for sufficiently large n. 

Proof. We use the same notation as the proof of the previous lemma. By the previous 
lemma, the critical points of Q„ and Q lie in the interior of the filled Julia set. Since 
K{Qn,vo) = K{Q,vo) = K{Q), it follows that the real laminations of Q,, and Q are trivial. 
By Theorem 16. Ill the rational laminations of /„ and / are the combinatorial tuning of Xf 
and the trivial rational lamination, which is equal to itself. □ 

Lemma 8.7. / = /. 

Proof. The quasiconformal rigidity of Q imphes that XXf if) — Xlf if) — Q- Therefore, the 
lemma follows from the injectivity of the straightening map Xlf O 
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Proof of Theorem \8.3\ We have already constructed a convergent double sequence 

Jn^m ^ Jn ^ / 

in .^(A/) C i^(Ao), hence it is enough to check that this satisfies (C3). 

The condition |(C3-a)| holds by changing the coordinate if necessary. The condition 
|(C3-b)| follows from the fact that <p„ {x„ ) = Q„ (vq , 0) ^ (p„ {y„ ) = Qn{vi, 0) by construction. 
Since all critical points except co and co' lie in the Julia set and preperiodic, their behavior 
is described in terms of A/. Thus |(C3-c)| follows because /„„, and /„ admits Xf. The 
A/-renormalizability of /„.,„ and /„ and Lemma |83] imply |(C3 -d) | and |(C3 -e)| 

Let gQ be the Lavaurs map in Lemma [84l Then ggiyniQ)) = Cin{Q) by construction. 
Since (w) (0 < A: < m) is sufficiently close to K{Q) for w sufficiently close to 1 /4, we 
have 

for z sufficiently close to x„, where ^^(vo,w) =lim,„^oog™,„(vo,M') = (vo,^g(M')). There- 
fore, this converges to a Lavaurs map g„ such that g,, = (p^^ o ggo (Pn Since (p„ is quasicon- 
formal and g'giQiO)) ^ 0, we have g'„{xn) ^ 0. Moreover, 

gn{xn) = (p^Hvo,gQ{Q{0))) = (p-\vo,a{Q)) = a„. 
Therefore, we have proved [(C3-f)| □ 

9. MiSIUREWICZ BIFURCATION 

In this section, we prove the following: 

Theorem 9.1. Let Xq be a post-critically finite d-invariant rational lamination with a non- 
trivial Fatou critical relation and let fo G ^(Ao) be a Misiurewicz Xo-renormalizable poly- 
nomial. 

Then there exists a polynomial f G ^(Ao) arbitrarily close to /o such that 

(i) / satisfies ( C2). 

(ii) i^(A/) c ^(Ao). 

The main difficulties of the proof of this theorem are the following. First, all pertur- 
bation must be done inside ^(Aq). In order to do this, we perturb in '^(r(A())) and use 
tuning to get nice perturbations. Secondly, tuning is not defined everywhere, nor continu- 
ous. What we want to apply the tuning is a parabolic map, but tuning does not have such 
kind of nice properties for parabolic maps. Therefore, we approximate by Misiurewicz 
maps with a help of combinatorial continuity by Kiwi IIKiw05ll and apply Proposition l7.3l 
to show that what we construct is close to the original map. 

Remark 9.2. Similar to Remark lSTl what we essentially need is a two-dimensional analytic 
set passing through /o, on which we have two active critical points, and the rest of the 
dynamics behaves stable. 

9.L Critical portraits and combinatorial continuity. Here we briefly recall the notion 
of critical portraits and the combinatorial continuity for Misiurewicz maps. 

Definition. Let T he a mapping schema. A critical portrait over T is a collection of sets 
= {©1 ,...,©,„} such that each is contained in a fiber {v^} x M/Z for some vj G |r| 
and 

(CPl) for every #©^' > 2 and #mT{@j) = 1; 
(CP2) ©1 , . . . , ©m are pairwise unlinked; 
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(CP3) 1) 

7=1 

We say a critical portrait is preperiodic if all elements in ©i , . . . , ©,„ are preperiodic by 
mT{v,e) = ((T(v),m5(,,)(0)). 

For a Misiurewicz polynomial P over T, © is a critical portrait ofP if for each j, there 
exists a critical point (Oj such that /?/(v, 0) lands at (Oj for any (v. 0) G ©j. In this case, © 
is always preperiodic. 

We endow the space of all critical portraits over T with the compact-unlinked topology, 
which is generated by the subbasis formed by 

Vx = {© = {©>}; X is unUnked with ©y (V;)} 

where X is a closed subset of {v} x M/Z for some v G 

Let us denote hy s/{T) the set of critical portraits over T and let 

Preper(£/(r)) = {© G £^{T); preperiodic}. 

For each critical portrait ©, we can naturally associate the impression of ©, which is a 
set /(©) C ^<o{T) f],9'{T), where 5^(T) is the shift locus, i.e., the set of polynomials over 
T with all critical points escaping MKiw05l . We can also associate a real lamination A©. 
Kiwi proved the following IIKiw05l Theorem 1, Corollary 5.3]: 

Theorem 9.3 (Kiwi). For a critical portrait ©, either 

• (aperiodic case) for any f G /(©), all cycles of f are repelling and A© coincides 
with the real lamination of f. Each &j G © is contained in a X%-equivalence 
class, or 

• (periodic case) any f G /(©) contains at least one non-repelling cycle. 

Furthermore if © is preperiodic, then © is aperiodic and /(©) consists of a unique Misi- 
urewicz polynomial /© over T such that © is a critical portrait of f^. 
In particular, a map 

Preper(i/(r)) ^Mis(Poly(r)), © /© G Poly(r), 

is well-defined and continuous, where Mis(Poly(r)) = {/ G Poly(r); Misiurewicz}- 

When the Julia set of / G "^(T) is locally connected, the real lamination of / is the 
equivalence relation on R/Z defined by the landing relation of external rays, as in the case 
of the rational lamination (see OKiwOSI for general case). 

Lemma 9.4. Let f G ^(Ao) be Misiurewicz. Then there exists a critical portrait © = 
©(/) = {©1, ■ ■ ■ ,©;n} of f such that 

• each &j is either contained in some A G Crit^(Ao) or the closure of a unique 
V — v{i) G |r(Ao)|, and 

£(#©,-l) = 5(v)-l 

@jCJi 

for each v G |r(Ao)|. 

• Let 

«(0) = [Hj)] X «v(,)(0.); 0; C ^) for some v(;) G |r(Ao)|} . 

Then a(©) is a critical portrait of g = XXoif)' where a = (ct,, ; v — + M/Z) ii the 
(previously given) internal angle system ofXo. 
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Proof. Since / is Ao-renormalizable, each critical point O) of / is either contained in Kf{v) 
for a unique v G Crit^(Ao) — |r(Ao)|, or the landing point of the external rays of angle in 
A £ Crit^(A()) and not contained in any Kf{v) for V e CO^ (Ao). In particular, A e Crit^(Ao) 
does not intersect v for any v G CO^ (Xq). 

Therefore, we can choose a critical portrait = {©i , . . . , 0,„} of / so that 0^ is either 
contained in v for some v = v{j) G Crit^(Ao), or A G Crit^(Ao). 

In the former case, there exists a critical point coj G Kf{v{j)) such that lands at coj 
for any 9 G ©; by definition. Since / G M{Xo), it follows that X/(v) nCrit(/) = {(Oj; Bj C 
v} and 

£(#©,-l)< £ (deg,//)) = 5(v)-l. 

©jCv (0;GA'/-(v)nCrit(/) 

By |(CP3)| and the fact LAGCrit(Ao)(^(^) ^ 1) = ^ 1, the above inequality must be an 
equality. 

Furthermore, by the definition of a, Rg{v{i),ay(j) (0)) also lands at a critical point of g 
for G 0/ C V. Hence a(0) is a critical portrait of XXf, (/)■ ^ 

9.2. Perturbation in the target space. To prove Theorem l9.1l we first need to construct 
some nice perturbations in the target space, i.e., we perturb Pq — Xx^ ifo)- 

First, we need the theorem on universality of the Mandelbrot set by McMullen MMcMOOl 
to find such/. For a mapping schema T, let TP'''' = (|rP'"'|, (7, 5) be a sub-schema such that 
rP'^'"! = {v G |r|; periodic}. Then we have natural projection 7t : Poly(r) Poly(rP'''^). 
We call 7r{P) the periodic part ofP for P G Poly(r). 

Theorem 9.5. Let T be a mapping schema and consider a holomorphic one-parameter 
family (Pp,)^e\ Poly(r) parameterized by the unit disk A. Let be the bifurcation 
locus of the family {7t (Pfi)) of the periodic parts of (-P^). Then either SS is empty or there 
exists a quasiconformal image of for some 5 >2 whose boundary is contained in 
^ where ^5 is the connectedness locus of the unicritical family {z^ +c; c G C} of degree 
5. 

More precisely, there exists some n > such that for jl in there exist a critical 
point CO^ analytically parameterized by H and a polynomial-like restriction P'^ : W'^ — > Wfi 
hybrid equivalent to z^ + c(/l) such that 

• the local degree ofPfi at is equal to 5, and 

• c : extends to a quasiconformal map of the plane. 

Proof. This is a simple generalization of BMcMOOl Theorem 1.1, Theorem 4.1]. For jU G A, 
let us denote f^(v,z) = ((7"(v'),f^,v(z)). If S§ is nonempty, then there exists some periodic 
V G |r| by a such that the family {Pjl^y)^eA has nonempty bifurcation locus where p is 
the period of v. Therefore, it contains the quasiconformal image of d^^, for some 5 > 
2. Since ^ contains the bifurcation locus of (Pj^^y), the theorem follows by MMcMOOl 
Theorem 4.1], □ 

Now consider the family of polynomials over a mapping schema T of total degree d = 
5{T) with all critical points marked (counted with multiplicity); 



Poly (7^) - { ( VI , «i ) , ( V2 , 0)2 ) , . . . , ( vrf_ 1 , 1 ) ) ; P G Poly (r ) , Crit (P) = { ( v,- , O), ) } } . 
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Lemma 9.6. Let (Pq, (vj, Ooj)) e Poly (T) be Misiurewicz- Then there exist d —l polyno- 
mials hj = hj{P,(Oj) for j — 1,. .. ,d~l such that (Pq , {vj jCOqj)) is discrete in 

{/i 1 (P, 0)1 ) = • • • = 1 (P, a)rf_ 1 ) = 0} . 

Proof. Since each critical point is preperiodic, there exists a relation Pq^, (cOj) — Pq^ {cOj) 

for some nj ^ nij. Let hj{P, coj) = Pvj {(Oj) — P'v^' {(Oj). Since the set of Misiurewicz poly- 
nomials does not contain any one-dimensional algebraic set, (Pq, (i';, 'HOj)) is discrete in 
{/2i(P,a)i)-----/2,,_i(P,o),/_i)=0}. ■ □ 

Now consider a Misiurewicz polynomial (Pq, (v,-, a)o.;)) G Poly(r(/lo)) and its neigh- 
borhood . Let ©0 be a critical portrait of Pq. Take a preperiodic critical portrait © close 
to ©0 such that 

• © = {©1 , . . . , ©,/_i }, i.e., #©^- = 2 for each 

• there exists some N' > 1 such that m7-(©i) = nij (©2) and mj (©2) ©1; 

• let pj be the eventual period of ©^ by mj- then pi (= P2),P3t ■ ■ ,Pd-i are mutu- 
ally different. 

Let (P©, {vj, 0)@j)) e Poly(r(Ao)) be the polynomial having © as a critical portrait and the 
landing point of the external ray of angle (vj, 9) € ©;■ is {vj,(Oj). Observe that there are 
no multiple critical points i.e., {vj,(Oj) are mutually different because otherwise both the 
eventual periods and the preperiods must coincide. If © is sufficiently close to ©0, then 
P© G by Theorem l9.3l Moreover, we have 

/^'(V2,C0©.2) =P0(vi,a)©,i), P0'"'(V'2,CO©.2) 7^ (vi,CO©.i). 

In fact, the first equality is trivial and if ^©^ '(^2,0)0,2) — (^1,00.1), then all of the three 
external rays of angles in ©1 Um^ H®2) land at (vi, 0)0.1) and are mapped to the same 
ray Rfy{9), where {9} = mji&i) — m^'(©2). This implies that (vi, 0)0,1) is a multiple 
critical point, so it is a contradiction. 

Take hi,... ,hd-i in Lemma |931 and consider an algebraic set 

(3) 

- {(P, {vj, (Oj)) G My(r(Ao)); h3{P, 0)3) = • • • = /i^-i (P, 0),/_i) = h{P, 0)i, 0)2) = 0}, 
where /i(P, 0)1, 0)2) =P'^'(v2,«2) -■P(vi,0)i). 
Lemma 9.7. dim ^ ^ 1. 
Proof. Consider the following algebraic sets: 

JT' = {/Z3(P, 0)3) - • • • - /7,/-i (P, cod-i) = 0}, 

^" = {hi{P, o)i) = /i3(P, 0)3) = • • • = hd-i{P, (Od-i) - h{P, 0)1, 0)2) - 0}. 

Then dim ^' = 2 and dim " = 0. Since ^" C JT C JT' and dim ^' - dim ^ , dim ^ - 
dim^" < 1, the dimension of ^ is one. □ 

Observe that since all critical points are simple for P©, the natural projection of Poly (Tq) - 
Poly(ro) is a local isomorphism at P©. Hence we identify them to simplify the notation. 

Let ^0 be an irreducible component of ^ passing through P© and let ^ be the bifur- 
cation locus of the periodic parts in ^q. Then since P© is Misiurewicz and a free critical 
point 0)1 is contained in the periodic part, P© S In particular, ^ is nonempty. There- 
fore, by Theorem |9.5l There exists a copy C fl ^ of the Mandelbrot set — 
for all critical points are simple. Let 1^ : — > .Ji be the homeomorphism defined by 
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Straightening. Let Pi be the center of , i.e., the quadratic-like restriction P'^ : W/ — > Wi 
is hybrid equivalent to (i.e., ^ (Pi ) = z^). 

Lemma 9.8. We can take so that Pi (equivalently, Xp^) is primitive and p is arbitrarily 
large. 

Proof. If Pi is not primitive, then take a small copy C which corresponds to 
a primitive copy of sufficiently high period in ^ . Then the rational lamination of the 
center P2 S is the combinatorial tuning of Xp^ and a primitive rational lamination over 
T{Xp^) = Tcap. Hence P2 is primitive by Lemma l6.13l 

Therefore, the lemma is obtained by replacing by □ 

Therefore, we have proved the following. 

Lemma 9.9. Let Pq be a Misiurewicz polynomial over a mapping schema T. For any 
neighborhood"^ ofPo, there exist a one-dimensional algebraic subset C Poly(r) and 
a small copy of the Mandelbrot set C H ^ such that 

(i) S^o is a irreducible component of the algebraic set S(J defined by the formula ([Sj 
for some polynomials hj, . . . ^h^-x and h. In particular, there is essentially only 
one free critical point on 

(ii) for any P G , there exists a quadratic-like restriction P'' : Wp ~> Wp hybrid 
equivalent to Q ~ t, (P) such that the map B, : ^ is a homeomorphism. 
The period p ( depending can be taken arbitrarily large. 

(iii) Let P\ be the center of , i.e., t,{P\) = z}. Then A/>, is primitive. 

9.3. Proof of Theorem 1231 Let Ao be a post-critically finite (i-invariant rational lamina- 
tion and let /o e ^^{Xq) be Misiurewicz. Take a small neighborhood Y of /q. We may 
assume Y n "^(Aq) C ^(Aq) by Lemma |6l0l Take a neighborhood ^ of Pq = XXoih) 
sufficiently small such that 

• the codimension one algebraic set in Theorem 16 . 1 21 does not intersect "W . There- 
fore, for any post-critically finite P G , there exists a unique / such that XTi^ if) = 
P, and 

• Zao' :Mis(Poly(r(Ao)))n'^ ->Mis(Poly(<i))n^(Ao)isahomeomorphisminto 
its image and the closure of the image is contained in 'f. 

The existence of such a neighborhood is guaranteed by Theorem 17.21 and Proposi- 
tion O 

Take a sequence of Misiurewicz polynomials Q„ G (n > 2) such that Q„ Qq{z) = 
z^ + 1/4 and let P„ = ^'^Q„). (Recall that Pi is the center of ^'.) Then P„ is also 
Misiurewicz for n > 2. Let /„ = x^^l {Pn) <= for n > 1. 

Let A = A/j be the combinatorial tuning of Aq and Ap,. Since we may assume the 
period p of quadratic-like renormalization of Pi arbitrarily large, A is also primitive by 
Lemma l6.13l Therefore, ^(A) = ^(A) is compact. 

As in Lemma l9^ there exists a one-dimensional algebraic subset 

^ = {(/,«i,...,a),/_i) GPoiy(^f); h^ica^) = • • • = /Vi(«rf-i) = t^) = 0} 

containing all /„. Since M{X) is compact, we may assume that /„ converges to some 
/G^(A). Then 

/ G -^(A) n r c "^(Ao) n r = ^(Ao) n r. 

Namely, / is Ao-renormalizable and close to /q. 



30 



HIROYUKI INOU 



Since is closed, / (more precisely, (/, COi , . . . , COf/_i)) also lies in Take Wy G 
r(Ao)| such that (S)j e Kf{wj) for j = 1,2 and let 

N'-l p'-l 

and N"^N-{p- Then it follows that /"'i {(Oi ) Z'^" (0)2) (recall that r(Ao) Tcap 
and iTcapl {vi, V2}). By this and Theorem |3.2| we have Xxif) — 60. where 



G(0)(V;,Z) 



(vo,Go(z)) whenj==0, 
^(vo,z2 + eo(0)) when; = l. 
It is easy to check that / satisfies (C2) (note that p above is different from that in (C 1 )). □ 



10. Discontinuity 

Now we give a proof of the main theorem: 

Proof of Main Theorem. First, observe that there always exists a Misiurewicz polynomial 
/o G ^(Ao) assuming that .^(Ao) is nonempty, by Theorem |9.3| and Theorem l6.12l 

Assume that Xx^ continuous on ^ r\^%{Xa) for a neighborhood Y G Poly (7b) of /q. 

By Theorem 19. II there exists f\ G '^n^(/lo) satisfying (C3). In the following, we 
use the notations in (C3) like O), 0)', /?, A^, V and V' for /i. Let wq,w\ G |r(/lo)| satisfy 
ft) G (wo) and O)' G X/, (wi). Let i' be the period of wq by a, and s be the period of 
Kf^ (wo), in other words, 

t-\ 



n=0 



Similarly, define A^' and p' by 



N'-\ p'-l 



n=0 n=0 

Observe that K{f^\V',V) C ^Ty, (wq). In particular, s divides s' and p divides p' . 

By shrinking Y if necessary, we may assume any / G 1^ has a polynomial-like restric- 
tion = (/^"' : f/^ „ ^ Ug.a(«))«e\T(Xo)\ o^si" ^(^) such that 

(i) is a Ao-renormahzation when / G ^(Ao). 

(ii) (/"*' : t/",,o ~* ^/,no)/G^ forms an AFPL, where t/"n,p is the component of (f/y,H 
containing K{gf,W(,). 

It follows by Theorem|97T]that K{f'^;V' ,V) C /^/(wo) for 2/ G ^(Aq) n r. Observe that 

by definition, gj-' = /' and g'j = on Kf{wQ), and ^J?' = /'^ on X/(wi). 

By taking a finite branched cover of y if necessary, we may assume there exist analytic 
parameterizations of critical points ft)(/) and ft)'(/) such that fi)(/i) = O and o'(/i) = o'. 
For / G ^(Ao) n r, let = ;t;i^(/) G •r(r(Ao)) and y// = {Wf,^Xmh>)\ a hybrid 
conjugacy between gf and P/ (we can take such a hybrid conjugacy y// by shrinking Uf^. 
if necessary). Let 

(o{Pf) = (wo, v//.,,o (©(/))), a)'(P/) = (wi,v//,w, («'(/))) 

be the critical points corresponding to (»(/) and (o'{f) respectively for Pj. Let x{f) — 
fP{(0{f)) andy(/) =/^(a)'(/)) and define x(P^) andy(P/) by 

iwoAPf))^Pfico{Pf)). {wo,yiPf))=Pf'io)\Pf)). 
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Observe that x{Pf),y{Pf) e K{Pf, wo). Now consider an AFPL2MP 

h = {f:U';^Uf,x{f),y{f))fey- 
Then the straightening map Xh for h satisfies 

Zh(/) = (P^r/.vo(r(a)(/))),v//.„, (/"(«'(/)))) - iPf,xiPf)MPf)) 

where {wo,z) = {wo,Pf{z))- Since XXq is continuous on Xh is also continuous. 

Consider a repelling periodic point a = a{f) in the filled Julia set K{f^;V',V) of the 
quadratic-like restriction :V' . Then we can take fn.m,fn G -^(Ao) H y satisfying 
the conditions in (C3). Therefore, we can apply Theorem |5.11 namely, we have 

(4) |mult/i(a)| = Imult/.^^ (v//i,,v(,(a))|. 

Observe that is also a hybrid conjugacy from : V' ^ V to a quadratic-like re- 
striction of fj^ . Since (|4]i holds for any repelling periodic point a e K{f'^;V' ,V), it fol- 
lows that y/^j \v preserves multipliers. Therefore, by Theorem |2.2[ Pf^ and are conju- 

v' 

gate by an irreducible holomorphic correspondence, where P/, is defined by P^^ {wq,z) = 
(wo,^/i(z)). In particular, degP/j = deg/j'. However, since Aq is nontrivial, we have 
degP^i „ < deg/i < deg/^" for all w, so degP^^ < (deg/i )'', that is a contradiction. There- 
fore, x?iQ is not continuous on Y. □ 

Remark 10.1. More precisely, we have proved the following: for any repelling periodic 
point a € K{f^;V' ,V) such that (|4|i does not hold (such a repelling periodic point always 
exists), there exists a double sequence /„ „, /„ — + /i satisfying the conditions in (C3) 
such that 

lim XXoif"-'") ^ XAfXf") 
for sufficiently large n, because X)lq {fn) XXa (/i ) quasiconformal rigidity of f\ . 

11. The case of rational and transcendental entire maps 

We do not know very much how rich the dynamics in a renormalizable set is for families 
of rational maps and transcendental entire maps. However, since the target space of a 
straightening map is a family of polynomials over a mapping schema, we can apply the 
same argument to obtain the following: 

Theorem 11.1. Let (/^)^ga be an analytic family of rational maps of degree d >3. As- 
sume there exists an (externally marked) AFPL g = (g^ = (/^'' : Uv — > f^CT(v))vG|7'|);xGA over 
a mapping schema T = (|r|, cj, 5) having a non-trivial critical relation. Let X '■ "^(g) ~^ 
^(T) be the straightening map for g. For a Misiurewicz map Pq G ^{T), assume there ex- 
ist a neighborhood ofPo and a map s:'^ V\ '^{T) —>■ "^(g) such that X^s is the identity. 
Then s is not continuous, except when (/^) is affinely conjugate to a family of polynomials 
and 8{v) = d far all v G |r|. 

In particular, there is no homeomorphic restriction of X onto C\^S'{T). 

An (externally marked) AFPL over a mapping schema, its connectedness locus and its 
straightening map in the same way. 



Proof Let Pi £ '^{T) n satisfy (C3) and let /i = ) e <r (g). Then the same argument 
as Theorem[T]can be applied to s to show the discontinuity. □ 
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Theorem 11.2. Let {fj^)^£A be an analytic family of transcendental entire maps of de- 
gree d > 3. Assume there exists an ( externally marked) AFPL g = (g^ = /^'' : Uy 
^(T(v))v6|r|)M6A over a mapping schema T = (|r|, (7, 5) having a non-trivial critical rela- 
tion. Let X : "^(g) "TfiT) be the straightening map for g. Let Pq € '^{T) be Misiurewicz 
and assume there exist a neighborhood ^ of Pq and a continuous map s : C\ ^{T) 
■^(g) such that X °s is the identity. 

Then there exist some P\ n'^{T) satisfying (C3), a polynomial g, (pi and a tran- 
scendental entire map (pi such that 

Piocpi = (piog, fio(p2 = (PwOg, 

where f\ = s{P\). 

The proof is the same as Theorem 111.11 The only difference is that we cannot get a 
contradiction after applying Theorem 12.61 because the degree of a transcendental entire 
map is infinite and we cannot exclude the case in the conclusion. Note that it follows that 
g and <p\ are polynomials by comparing the growth at the infinity (see IllnoOSI ). 
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